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Abstract. In this article we give formulas for the Riemann-Roch number of a sym- 
plectic quotient arising as the reduced space of a coadjoint orbit Ca (for A S g* close 
to 0) as an evaluation of cohomology classes over the reduced space at 0. This formula 
exhibits the dependence of the Riemann-Roch number on A. We also express the for- 
mula as a sum over the components of the fixed point set of the maximal torus. Our 
proof applies to Hamiltonian G-manifolds even if they do not have a compatible Kahler 
structure, using the definition of quantisation in terms of the Spin-C Dirac operator. 



1. Introduction 

Let (M, uj) be a compact symplectic manifold possessing a Hamiltonian action of a 
compact connected simply connected Lie group G, with moment map fi : M ^ q* 
(where q is the Lie algebra of G). One can form the symplectic reduction 

Mo = fi-\0)/G, 

or more generally 

MA = fi-\OA)/G 
for A G 0, where (9a C q* is the orbit of A under the coadjoint action. 

We assume is a regular value of /x, and is a regular value of /ia : M x Q* 
where HAim,^,) = ^{m) — C, for m & M and C, € 0\. This is equivalent to assuming 
that G acts with finite stabilizers on /i~^(0) (resp. /iA^(O)) 0, so under this hypothesis 
Mq and Ma have at worst finite quotient singularities. We assume that G acts freely on 
/.iA^(O) and /i~^(0), so that M\ is a smooth symplectic manifold. Denote the symplectic 
form on Ma by uj\. 

Let L be a complex line bundle over Ma with a connection whose curvature is equal 
to ti^A, called a prequantum line bundle. If M has a complex structure compatible with 
the symplectic structure (in other words M is Kahler), then the quantisation of Ma is 
defined as the virtual vector space 

(1) Q{L'') = H%M, L^) - H\M, L^) + H'^{M, L^) - . . . 

where H^{M, L^) is the j-th Dolbeault cohomology of M with coefficients in V'. (When 
k is very large, all the H^{M, L^) = for j ^ 0, so the quantisation Q is simply a vector 
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space.) The dimension of the quantisation is given by the Riemann-Roch number. The 
formula for the Riemann-Roch number in terms of characteristic classes is given below 
at ©. 

As has been observed by Duistermaat [S], Guillemin |7| and Vergne [21], even when M 
is not Kahler (but is equipped only with an almost complex structure compatible with 
the symplectic structure - such almost complex structures always exist, as explained 
in the above references) one can still define the quantisation using an elliptic complex 
given by the Spin-C Dirac operator. In this more general situation, the dimension of 
the quantisation is still given by the Riemann-Roch number, the formula for which is 
still given in terms of characteristic classes by (jS)) below (see Proposition 13.1). The 
quantisation using the spin-C Dirac operator has been extensively studied by Meinrenken 

[niiiHi- 

In this article we give formulas for the Riemann-Roch number of over the reduced 
space Ma (for A G g* close to 0) as an evaluation of cohomology classes over the reduced 
space Mq. This formula exhibits the dependence of the Riemann-Roch number on A. 
We also express the formula as a sum over the components of the fixed point set of the 
maximal torus. In Section 2.1 we give a simple proof for the Kahler case, which was 
suggested by the referee. In Section 2.2 we treat the non-Kahler case. 



2. Symplectic fibrations 

It is a standard result (see for example i,8j) that for A in a neighbourhood of in g*, 
we have a fibration 

Ca ^ Ma 

(2) |. 

Mo 

If M is Kahler and the G action preserves the Kahler structure, then Ma and Mq are 
also Kahler and (j21) is a fibration of Kahler manifolds. 

Let L be a line bundle over Ma with Chern character equal to e*^^, (for example a 
prequantum line bundle) and let k E Z,. The Riemann-Roch number of is then 

(3) RR{Ma, L^) = [ ch(L^) Td(MA) 

J Ma 

where Td(MA) means Td(TMA). The goal of this section is to express the Riemann-Roch 
number (jS)) as far as possible using terms defined on Mq. 
Let 

(4) A = kA, 

where is a positive integer. We require that A lie in the weight lattice A'^ C t*, which 
is the dual of the integer lattice A^ C t (the kernel of the exponential map t — T). We 
do not require that A G A'^. 
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2.1. The Kahler case. When Mq and Ma are Kahler, there is the following straight- 
forward proof (which was pointed out by the referee). Let V{X)* be the irreducible 
representation of G with lowest weight —A (the dual of the irreducible representation 
with highest weight A). By using the principal G-bundle po : /i~^(0) — ^ Mq, this rep- 
resentation yields a vector bundle V(A)* on Mq. We introduce a line bundle Lq on Mq 
for which ci(Lo) = [ujq], where uq is the Kahler form of Mq and [ti^o] is its de Rham 
cohomology class. 

If we let Ga denote the stabilizer of A under the adjoint action, then 

(5) = (vrUg) ® 

where £_a is the complex line bundle associated with the principal (jA-bundle 

PA:fi-\A)^fi-\A)/Gj,^M^ 

and with the complex representation of Ga of dimension 1 and weight —A. This is true 
because the first Chern class of Lk is equal to L = 7r*[co'o] + [^a], where Qa is a form 
on Ma which, when restricted to a fiber, is the Kirillov-Kostant-Souriau form on the 
coadjoint orbit Oa. Furthermore, 

^i-\A)/GA = fi-\0)/GA 

for A close to 0. This yields the fibration tt given in By the Borel-Weil-Bott theorem 
jH], the pushforward of £_a under this fibration is the vector bundle V(A)*, and all higher 
direct images vanish. 

By the Grothendieck-Riemann-Roch theorem ^Ul; we have 

(6) RR{Ma, L^) = RR{Mo, Ll ® V(A)*) 
using (0) and the fact that higher direct images vanish. 

2.2. The non-Kahler case. When Mq and Ma are not Kahler, we must rely on an 
explicit argument using the Chern character and the Todd class. By the Normal Form 
Theorem (|Hj, Theorem 39.3 and Prop. 40.1) we can write the symplectic form on Ma 
as uja = t^*ojq + VLai where Vt^ is a form on Ma which, when restricted to a fiber, is the 
Kirillov-Kostant-Souriau form Oa on the coadjoint orbit O^. Thus 

ch(L^) = e'^'^^ = e^^'^'^e^^^. 

Next, we can split the tangent bundle of Ma as TMa = tt*TMq © T, where T is the 
vertical bundle whose fiber over a point x G Ma is the tangent space to the fiber of tt over 
X. Since the Todd class is muhiphcative, Td(MA) = Td(TMA) = 7r*Td(TMo) Td(T). 

Combining with the expression for ch(L'^), we have 

(7) RR{Ma,L^)= [ ch(L'^) Td(MA) = / e'="*'^° 7r*Td(Mo)e^'^* Td(r). 

Jma Jma 

The product of the first two factors e'^'^ "^"vr* Td(Mo) is written in terms of objects defined 
solely on the base Mq, and so we turn our attention to the other factors e^^'^ Td(T). Our 
strategy will be to integrate over the fiber of vr, and be left with an integral over only the 
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base Mq. Now T is a bundle over Ma, and so Td(T) e if* (Ma). If : Oa^ Ma is the 
inclusion map from Oa to the fiber over x G Mq, then «*(T) = TOa- 

Suppose M is equipped with a complex vector bundle V (with fiber t(g>C) with an action 
of G compatible with the action on M. Then V descends to a vector bundle on Mq. 
The characteristic classes of E come from the invariant polynomials on q via the Kirwan 
map. (The Kirwan map k, : Hq{M) H*{Mq) is the composition of the restriction map 
r : H*q{M) H^{fi-\0)) with the isomorphism H^{fi-\0)) = H*{^-\0)/G), which is 
valid when is a regular value for /i. See We assume cohomology with rational, 

real or complex coefficients. 

We assume the vector bundle E over Mq has the property that its puUback to Ma 
splits as the direct sum of a collection of line bundles Lj (in other words Ma is a splitting 
manifold for E over Mq). We then define Cj G H'^{Ma) by Cj = ci(Lj). The characteristic 
class of E associated to an invariant polynomial r G S{t*)^ is then given by 

Cr{E) = r(ei, ...,ee) 

(where i is the rank of T). For example, if G = U{n) the invariant polynomials are 
generated by the elementary symmetric polynomials JH]- The motivating example (the 
case treated in [12]) is the case where Mq is the moduli space M{n,d) of semistable 
holomorphic vector bundles of rank n and degree d over a Riemann surface (when n 
and d are two coprime positive integers), and Ma is the corresponding moduli space of 
parabolic bundles. In this case the vector bundle E is the universal bundle (see |T]). 
By Section 14 in (m. 



7>0 7>0 V*^ ^ ) 

where 7 are the roots of G, and £^ = (ei, . . . , e^) G H'^{Ma) ® K^- 

For example, if G = U{n), under these hypotheses we obtain that the j-th Chern class 

is 

c,{E) = k{{t,}) 

where tj (the j-th elementary symmetric polynomial) is regarded as an element of 
if* (pt) = S{q*)'^ and k : H^{M) H*{Mq) is the Kirwan map. 

We introduce a basis Ui,i = 1, . . . ,£ for the integer lattice of G (where £ is the 
rank of G). This enables us to define elements Cj G H'^^Ma),] = satisfying 
ci{Lj) = Cj, where ej restricts on the fibers of n to the generator aj (for j = 1, ...,£) of 
H'^{G/T, Z) = H^[T, Z) corresponding to the j-th fundamental weight of G (an element 
of IIom(T, U{1)) = H^{T, Z))). Using this notation, we have 

Lemma 2.1. Let A = Yli=i-^i'^i- Then the standard Kirillov-Kostant symplectic form 
Qa on Oa is given by 



where the Ui and aj are as defined above. 
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Proof: This is a standard result (see for instance Lemma 7.22). □ 

The roots 7 also lie in the weight lattice A^. Writing the pairing of t* and t as as (■, ■) 
we have (still when restricted to the fiber) 



Td(C»A) = ^^^^ W e5(^'^) 

7>0 



n 



m = e(^+P'^) TT 

n(ei(-^)-e-^(-^)) 

where p is half the sum of the positive roots. Notice that 
(9) e'^^^ Td(OA) [Ca] = RR{Ok, L'') 

which equals dimVx by the Bott-Borel-Weil theorem (see |2j| or j20j), where Vx is a 
representation of G with highest weight A (we have assumed that A is in the fundamental 
Weyl chamber). 

After evaluating on the fundamental cycle of Ma, the equation (jSI) equals 

The expression in brackets in (fTUI) is unchanged under the action of the Weyl group 
£ 1-^ wS. 

Let {Tr} (r = 1, . . . , n{G)) be a set of generators for the ring S{t*)^ of Weyl invariant 
polynomials on t, where n{G) is the number of generators. By Proposition 3.6 in p!^, 
Tr{ei, . . . , ee)) = 71*0^ for a^. a class on Mq. Therefore the factor (fTUj) can be written as a 
function of the invariant polynomials t.^ applied to the e^'s, 

dcf ... eW^+^)'^) 



(11) 5.Me„...,e,))^='$:(-l)'^ 

We see that Sx is actually a polynomial in the ej. Because e^"*"^ = where 2A^ = 
dimjjMA, it follows immediately that after evaluating on the fundamental class of Mq, 

Theorem 2.2. Sx is a polynomial in A of degree < N. 
We can replace the term e'^^'^ Td(V^) in the integral with 

—Sx{7r*ai, . . . , 7r*a„(G) 



7>0 



to get 



(12) RR{Mk,L^) = tt^ / e'"*'^«7r*Td(Mo)5A(7r*ai,...,7r*a„(G))n(7,^)- 
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All of the factors in the integral except for Ylily ^) ^"^^ constant on each fiber, and so we 
have 

(13) RR{M^,L^) = -l- f e'='^<'Td(Mo)5A(ai,...,a„(G)) / T\{l.£). 



7>0 



Since 



J Ok ^>o 

we have finally 

Theorem 2.3. The Riemann-Roch number of a symplectic fibration M\ is given by 
(14) i?i?(MA, L^) = [ e''^° Td(Mo)5A(ai, . . . , a„(G)). 

J Mo 

where S\ is defined at / tii)) . 

Theorem 2.4. When A G A'^ is a weight in the fundamental Weyl chamber, then the 
limit as k ^ oo of 

RR{Ma, L^) 



(where as above 2N = dim^{M\)) is vol Mq dim Va-^. 

Proof: This limit is given by vol Ma. The symplectic volume is given by vol Mq vol (9a- 
The symplectic volume of 0\ is given at [2] (Proposition 7.26) as 



(15) vol(C^ 



n,>o<a,A> 



This gives the value of dim Va-p, using the Weyl dimension formula jB]. n 

Proposition 2.5. Let A G A^ be a weight in the fundamental Weyl chamber, and define 
A(k) = X/k. Let No = idimMo. Then 

lim -^RRiMA^L") = (volMo)(dim\/A„,). 

Proof: For X G t we introduce 

(16) s,{xy^y^{-ir 



Notice that we are fixing A and allowing A = \/k to vary as k varies. Notice that by the 
Weyl character formula (^20^, Proposition 14.2.2) we have 

5A(X) = XA(expX) 

where x\ is the character of the representation with lowest weight —A. Theorem 12.31 
gives the result, noting that in the limit — > cxd the leading order term in k comes by 
integrating {kujQ)^° so the factor S\{ai, . . . , an(G)) contributes only its value when all the 
arguments are replaced by 0, in other words when the argument of S\{X) is replaced 
by X = 0. This is the value Xa(0), in other words the dimension of V\-p. □ 
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Example 2.6. When G = SU{2), the value of Sx is (recalhng that A is a positive integer) 



where 



I g(A+l)X _ g-(A+l)X 



(17) S,{X) = -- 

(18) = ^(cosh(X) + ■ ■ • + cosh(A - 1)X + cosh AX). 

Here we have introduced a formal variable X for which k,{X'^) = 02 € H^{Mq). It follows 
that S\ is a polynomial in A of order X + 1, because the terms which contribute from 
the Taylor expansion of order X^ are ^^j^ii^ which is of order A^^^. Because we are 
integrating over Ma, the ring of polynomials in the variable X gets truncated by imposing 
the relation X^^^ = 0. In this example Sx{0) = A/2. 

3. The Jeffrey-Kirwan residue formula 

In the final two sections of this paper, we express the Riemann-Roch number on a 
symplectic fibration in terms of data at the fixed point set of the maximal torus T of G 
(assuming A is generic so its stabilizer under the coadjoint action is T). In this way, we 
obtain a second proof of Theorem 12.31 

The residue formula [13] expresses cohomology pairings on reduced spaces Mq in terms 
of a multi-dimensional residue of certain rational holomorphic functions on t ^3]. This 
formula is valid provided is a regular value of the moment map. The cohomology 
classes jSo on Mq are assumed to come from equivariant cohomology classes j3 on M via 
the Kirwan map ^2]- The fixed point data are 

• the value of the moment map at a component F of the fixed point set of the 
maximal torus T 

• the restriction of (3 to the F 

• the equivariant Euler class ep of the normal bundle to F (which involves the 
weights of the action of T on the normal bundle, as well as the ordinary Chern 
roots of the normal bundle). 

The residue formula takes the form 

where C is a nonzero constant, X G t (8) C is a formal variable (in the Cartan model for 
equivariant cohomology), and Res is defined at (fT9|) below. 

We can readily identify the equivariant cohomology class giving rise to the Riemann- 
Roch number of a prequantum line bundle. The class e'^° is the Chern character of the 
line bundle over Mq, while e^"^^'-'^-*^'-* is the equivariant Chern character of the line bundle 
over M. The relevant class (3q is the Todd class of Mq, which arises in the image of the 
Kirwan map using the equivariant Todd class Tdc (see [15] and Proposition 14. II below) . 
The residue formula has been applied to studying Riemann-Roch numbers in and 
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Here we study the residue formula for the Riemann-Roch number on a symplectic 
fibration. 

The residue formula applies to compact M reduced by any compact group G. The 
computation of terms in the residue formula depends on the choice of a cone F in t, even 
though the result of the formula is independent of this choice. Let 71, ... ,7^. be the set 
of all weights that occur by the T action at any of the fixed point components. Choose 
some ^ G t such that 7i(0 7^ for all i. Let (3i = 7^ if 7i(0 > and Pi = —■ji if 7^(0 < 0. 
Thus > for all i. The cone F is the set of all vectors in t which behave like ^: 

T = {X ei: (3i{X) > 0, for all i}. 

Theorem 3.1 (Jeffrey-Kirwan). Let {M,uj) be a compact symplectic manifold with a 
Hamiltonian T action and moment map $, where T is a compact torus. Denote by T 
the connected components of the fixed point set of T on M. Let p be a regular value of 
$ and Up the Marsden-Weinstein reduced symplectic form on Mp. Then for j3 G H^{M) 
and Kp : H^{M) H*{Mp) we have 

(20) ! Kp{(3)e^^ = C ■ res^ { V e^(*(^)-rt(^) f ^zi^W^frfx] 

where C is a non-zero constant, X is a variable m t® C, and cpiX) is the equivariant 
Euler class of the normal bundle to F in M . The multi- dimensional residue res^ is 
defined below at \21\) . 

The residue can be defined as follows (see ^Hl Proposition 3.4). For / a meromorphic 
function of one complex variable z which is of the form f{z) = g{z)e^^^ where g is a, 
rational function, we define 

les^ f{z)dz = '^Tes{g{z)e''^''; z = b). 

We extend this definition by linearity to linear combinations of functions of this form. 

Viewing / as a meromorphic function on the Riemann sphere and observing that the 
sum of all the residues of a meromorphic 1-form on the Riemann sphere is 0, we observe 
that 

res+ {f{z)dz) = -Res^=oo {f{z)dz) . 

If X G t, define 

n-=i/?,(x) 

for some polynomial function q{X) of X and some A, . . . , G t*. Suppose that A 
is not in any proper subspace of t* spanned by a subset of . . . , Let F be any 
nonempty open cone in t contained in some connected component of 

{XGt:/?,(X)^0,l<j<A;}. 

Then for a generic choice of coordinate system X = (Xi, . . . , Xi) on t for which (0, . . . , 0, 1) G 
F we have 

(21) Tes^{h{X)[dX]) = Jacres+^ o . . . o res+ {h{X)dXi . . . dXi) 
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where the variables Xi, . . . ,Xm-i are held constant while calculating resj^, and Jac is 
the determinant of any / x / matrix whose columns are the coordinates of an orthonormal 
basis of t defining the same orientation as the chosen coordinate system. We assume that 
if (Xi, . . . , Xi) is a coordinate system for X E t, then (0, 0, . . . , 1) G F. We also require 
an additional technical condition on the coordinate systems, which is valid for almost 
any choice of coordinate system (see Remark 3.5 (1) from [T^l. 

4. Fixed point formulas 

We wish to use the residue formula to calculate the integral in (|T!?|l . In we are 
interested in (3{X) = TddM x Oa) Td^^{g^d © &ld) which maps to Td(MA) under the 
Kirwan map. 

The components of the fixed point set for the action of T on M x Oa are of the form 
F X {a A} where F is a component of the T fixed point set of M and a E W. The 
equivariant Euler class at this fixed point is eF{X){—iy Y[y>o'l{^)- Thus the residue 
formula becomes 



f gfc^A Td(MA) = CRes ( J2 J2 (-1)"^" 



1 17>0 7(^) Tdcigad © Bad) J Fx{aK} eF{X) 

Here, u is the symplectic form on F, C is an overall constant given in the statement of 
Theorem EH V^{X) is the product of all the roots of g, and epiX) e H^{M) is the 
equivariant Euler class of the normal bundle to F. The F are components of the fixed 
point set for the action of T on M. We use Proposition 14.11 below for the Todd class. 

Proposition 4.1. /].15]. Proposition 2.1) The formal equivariant cohomology class 

(23) TdG{M)Tda\gad®Q*J 

maps to Td(Mo) under n, where Qad (resp. g*^^) denotes the product bundle M x g (resp. 
M X g* ) with G acting on g by the adjoint action (resp. the coadjoint action). 

Proof: We observe that K(TdG(M) TdG^(0ad © Sid)) = Td(Mo). □ 

Proposition 4.2. The formal equivariant cohomology class Sx{X) maps to Sx{ai, . . . , a„(G)) 
under k, where 

(24) SxiX) ^"^^^^ ' 



n^^„(ei(-'^)-e-^(-'^)^ 



Proof: The expression defining S\ is the same as the expression (fTT|) defining S\, with 
the expression £ replaced by the variable X E t. Thus Sx G S{i*)^ can be viewed as an 
equivariant cohomology class on M. 
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Since Sx is symmetric under the action of the Weyl group, it is a function of the 
invariant polynomials Tr{X). Since /{(r^) = by definition of the a^, when k is applied 
to S\, the result will be Sx- Since k is a ring homomorphism, the result follows. □ 

The expression fl22|) is equal to the expression ()10j) which we derived in Section 2 for 

(25) / e^-°Td(Mo)5A(ai,...,a„(G)). 

Jmo 

To see this, we only need to evaluate (fTUj) using the residue formula, and use the fact 
that 



(which appears in ((221)) is the same as 



(which appears when we evaluate (fTUj) using the residue formula). Hence (^3)) becomes 
(26) Cre4vHx)S.iX) V e-«-)<-> / ^MlM^llZliWs^l^A 

which is the same as ()22p . Thus we have obtained a second proof of Theorem 
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